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HOCHSCHILD HOMOLOGY IN A BRAIDED TENSOR CATEGORY

JOHN C. BAEZ

ABSTRACT. An r-algebra is an algebra A over k equipped with a Yang-Baxter
operator R: AQ A — A® A suchthat R(1®a)=a®1l, Ra@a®1)=1®a,
and the quasitriangularity conditions Rim ® I) = (I @ m)(R® I)(I ® R) and
RI®m)=(m@I(I®R)(R®I) hold, where m: A® A — A is the multipli-
cation map and I: A — A is the identity. R-algebras arise naturally as algebra
objects in a braided tensor category of k-modules (e.g., the category of repre-
sentations of a quantum group). If m = mR2 , then A is both a left and right
module over the braided tensor product A4¢ = ARA°P, where A is simply
A equipped with the “opposite” multiplication map m° = mR. Moreover,
there is an explicit chain complex computing the braided Hochschild homology
HR(A4) =Tor?°(4, A). When m = mR and R? = id g4 , this chain complex
admits a generalized shuffle product, and there is a homomorphism from the
r-commutative differential forms Qg(A4) to HR(A4).

1. INTRODUCTION

It has been known for some time that many constructions in commutative
algebra can be profitably extended to “supercommutative” algebras, that is, Z,-
graded algebras satisfying ab = (—1)de8adeebpg  To do so, one follows the
simple rule that the twist map

a®b—b®a
should be replaced everywhere by the graded twist map
a® b (—1)deadesbp g g

This rule appears frequently in physics, where even and odd variables are used
to describe bosonic and fermionic degrees of freedom, respectively.

More recently, developments in mathematical physics have led to a further
generalization of commutativity, in which the role of the symmetric group is
taken instead by the braid group. The twist map is thus replaced by an arbitrary
Yang-Baxter operator

a®br— R(a®b)
satisfying certain compatibility relations with multiplication. More precisely,

suppose that A4 is a unital algebra over a commutative ring k, and let m: AQ
A — A denote the multiplication map and I: 4 — A the identity map. Then
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A is an r-algebra if there is an r-structure R: A® A - A ® A, an invertible
linear map satisfying: (1) the Yang-Baxter equation:

(RINI®R)(R®I)=(I®R)(R®I)(I®R),
(2) the quasitriangularity conditions:
RmeoIl)=Iom(RNI®R), RIom)=meI)(I®R)(RI),
and (3) the following conditions for all a € A4:
R(1®@a)=a®l, R@ael)=1Qa.

We say that A4 is “ r-commutative” if in addition m = mR . For example, every
Z,-graded algebra is an r-algebra with

R(a® b) — (_l)degadcgbb ®a,

and then r-commutativity reduces to supercommutativity. Many other interest-
ing noncommutative algebras are also r-commutative. These include quantum
groups [6, 7], quantum matrix algebras [7], quantum vector spaces [20, 22,
23, 31, 33], noncommutative tori [4, 26], the Weyl and Clifford algebras, and
certain universal enveloping algebras. R-commutative algebras also arise quite
generally as semiclassical limits in the quantization of Poisson algebras.

As noted by Manin [20, 21], r-algebras may be defined simply as algebra
objects in braided tensor categories of k-modules. Roughly speaking, a braided
tensor category is a category with tensor products such that for any objects
U, V there is a “braiding”

Ryv:URV >VaU,

an isomorphism satisfying axioms generalizing the properties of the twist map.
The concept of a braided tensor category has its roots in Mac Lane’s work [18]
on the category-theoretic foundations of associativity and commutativity, and
a certain class, the Tannakian categories, have long found wide application in
number theory and other subjects [S, 27]. More recently, braided tensor cate-
gories have been seen to arise naturally in a variety of closely related situations.
First, given a k-module V' and an isomorphism R: V®V — V ® V satisfy-
ing the Yang-Baxter equation, one may canonically construct a braided tensor
category of k-modules containing ¥ for which Ry y = R [17]. Second, the
category of representations of a quantum group over k is a braided tensor cat-
egory of k-modules, with the universal R-matrix serving to define the braiding
[19, 30]. Third, certain braided tensor categories give rise to invariants of knots
and three-manifolds [10, 25]. Fourth, quantum field theories give rise to braided
tensor categories of vector spaces over C [9]. These field theories, in turn, are
closely related to statistical mechanics models [32].

Manin has proposed an approach to noncommutative geometry in which
one generalizes standard constructions of commutative algebra to algebras in a
braided tensor category. The author has taken this up [1], studying an analog
of differential forms that is applicable to any “strong” r-commutative algebra,
that is, one with R? =id4g,. Certain nonstrong cases are also understood [2].
This approach to noncommutative geometry may at first seem orthogonal to
that taken by Connes [4], Tsygan [29], Loday-Quillen [24] and others, in which
one works with cyclic Hochschild chains to define cyclic homology as an analog
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of de Rham cohomology for noncommutative algebras. Here, however, we
begin a unification of these approaches by defining a generalization of Hochshild
homology for algebras in a braided tensor category. This extends the previous
generalization of Hochschild homology to supercommutative algebras.

The general strategy is to systematically replace the twist map wherever it
appears by the appropriate braiding. We begin by associating to any r-algebra
A an “opposite” r-algebra A°° with multiplication map m° = mR. The
algebra A then becomes a left module over 4¢ = A®A°, where ® denotes
the “braided tensor product.” We construct a flat resolution of 4 as an A°-
module when A is flat over k. This enables us to compute Tor? (E, 4) for
a right A°-module E by means of an explicit chain complex. The algebra
A itself is a right A°-module when A4 is “weakly r-commutative,” that is,
m = mR? . This allows the construction of the “braided Hochschild homology”
HR(A) = TorAe(A, A). In particular, when A is strong and r-commutative,
there is a product on HR(A) induced by a generalized shuffle product on the
corresponding chain complex. Recall that in the commutative case there is a
homomorphism from the differential forms over 4 to the Hochschild homology
of A, which is an isomorphism when A is smooth [11]. Here we construct a
ho;nomorphism from the r-commutative generalization of differential forms to
HX(A).

The author is indebted to Ezra Getzler for raising the idea of generalizing
Hochschild cohomology to algebras in braided tensor categories, and for point-
ing out the difficulties. The author would also like to thank Minhyong Kim for
many helpful conversations.

2. ALGEBRAS IN BRAIDED TENSOR CATEGORIES

In earlier work on r-commutative algebra [1, 2], we worked directly from
the definition given above, avoiding the introduction of category theory. In
homological considerations, however, a small investment in the language of
tensor categories is amply repaid.

A monoidal category is a category % equipped with a bifunctor ®: & x& —
% , a functorial isomorphism

Ayvw:UQVeW)-(UV)e W

called the associativity constraint, and an object 1 equipped with functorial
isomorphisms

1V =V, rmn:Vel-oV,

satisfying:
(1) the pentagon axiom, namely that all diagrams

U (Ve (WeX) —2— (UsV)e(WeX) —— (Us(VeW)eX

id ®Al TA@id

U (Ve W)®X) 4 UeVeW)eX

commute, and
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(2) The triangle axiom, namely that all diagrams
U)oV —2- Ug(18V)
r@id \ /id®l

UV
commute.

A monoidal category % is said to be braided if for all objects U, V' there
exist functorial isomorphisms

Ryyv:UsV-VaU,

satisfying the hexagon axioms, namely that all diagrams

X®Y)®Z —2 > Zo(X®Y)

- I

X®(Y®Z) (ZeX)®Y

id®Rl TR@id
X®(ZoY) —2 XeoZ)eY
and

XeY)®Z Y®(Z®X)

o Tiaon
YeX)eZ 4 vyo(XeZ)

commute. If % is a braided monoidal category such that Ry yo Ry,y =
idygy for all objects U, V', we say & is a symmetric monoidal category. In
a symmetric monoidal category, either of the two hexagon axioms implies the
other.

Given a commutative ring k , we define a tensor category of k-modules to be
a monoidal category € equipped with a faithful functor F to the category of
k-modules such that: (1) FIUQ V) = F(U)® F(V), (2) F(Ay,v,w) is the
natural isomorphism of k-modules,

FU)® (F(V)® F(W)) > (F(U)® F(V))® F(W),

(3) F(1) = k, (4 F(ly) and F(ry) are the natural isomorphisms of k-
modules,

ke F(V)S F(V), F(V)®k F(V).

A braided (resp. symmetric) tensor category of k-modules is a braided (resp.
symmetric) monoidal category equipped with a faithful functor F to the cat-
egory of k-modules such that properties (1)-(5) above hold. The point is that
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while the associativity constraint 4 in % is mapped to the usual associativity
constraint for k-modules, this need not hold of the braiding R. It is also im-
portant that while distinct objects in % may correspond to the same k-module,
distinct morphisms in % correspond to distinct k-module morphisms.

Henceforth we shall work in a fixed braided tensor category 2 of k-modules,
where k is some commutative ring. Because the associativity constraint in 7
maps to the standard one in the category of k-modules, and the pentagon axiom
allows us to reparenthesize tensor products in 27 in a coherent manner, we
simply omit parentheses around tensor products in 7, and omit all mention
of the associativity constraint. We also identify objects and morphisms in 7”
with their images under F when this will cause no confusion.

One can easily prove generalized forms of the Yang-Baxter equation and the
quasitriangularity conditions in a braided tensor category. The quasitriangular-
ity conditions state that, for any objects U, V', W, X in Z° and morphism
f:U®V — X, the following diagrams commute:

UsVew L2 xew
id®RJv
UaWeV R

R®idl

weUsV 48, wex

wWelUsV 4%, wex

-

UsWeV R

id ®RJv

UsVvew 2%, xew

These conditions follow from hexagon axiom together with the functoriality of
the braiding. There is also a dual version for morphisms f: X — U®V , which
appears in the definition of a quasitriangular Hopf algebra, but we will not need
this here. The Yang-Baxter equation follows from the first quasitriangularity
condition upon taking X = V' U, f = Ry, v . It states that, for any objects
U,V,W in 7, the following diagram commutes:

UVeWw
R®iV id®R
VoUW UWeV
id®R | | R®id
VeoeWeU WeUV

R®NW® Ve U'A@R
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FIGURE 1. The Yang-Baxter equation

Uy
J ¥

FIGURE 2. The quasitriangularity conditions

Using quasitriangularity for the morphism /: k ® k — k and property (4) of
tensor categories of k-modules, it follows that

Rev(x®v)=v®x
and

Ry y(vex)=x®uv
for all x € k and v € V. From these it also follows that
IyRy k=rv, rvRey=1Iy.

It proves very convenient to compute in a braided tensor category using
pictures. Calculations of this sort have long been used in knot theory, es-
pecially by Kauffman [15, 16]. Their category-theoretic foundations have re-
cently been explored by Joyal and Street [12, 13]. If we denote the braiding
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vy

FIGURE 3. Associativity

0y

FIGURE 4. R-commutativity

S~

Ry v:U®V — VU by the crossing of two strands and denote identity mor-
phisms by a vertical line, then the Yang-Baxter equation may be diagrammed
as in Figure 1. If in addition we denote the morphism f: U® V — W by the
joining of two strands, the quasitriangularity conditions may be diagrammed as
in Figure 2.

Now let us turn to the study of algebras in a braided tensor category. We
will only develop the ingredients necessary to set up Hochschild homology. To
begin with, we say that A is an algebra in 7" if A is an object in 7 equipped
with a multiplication map m € Homy(V ® V', V) satisfying associativity:

m(m®id,) = m(id, @m)
and a unit map 1 € Homgy (k, V) satisfying
m(1®id,4)=lA, m(id4 ®1) = ry.

It is easy to check that an algebra in 7 is indeed an r-algebra as defined in
the introduction, taking R = R, 4. Conversely, given an r-algebra over a
commutative ring k, we may regard it as an algebra in some braided tensor
category of k-modules, using a construction of Lyubashenko [17].

We say that an algebra 4 in 77 is r-commutative if m = mR, 4. Using
the joining of two strands to denote the multiplication map, associativity corre-
sponds to Figure 3, while r-commutativity corresponds to Figure 4. Even when
A is not r-commutative, mR, 4 is an associative product on A. In fact:

Lemma 1. Let A be an algebrain V . Let A% denote A with the multiplication
map m° = mR, 4 and the same unit map 1. Then AP is an algebra in 7" .

Proof. First we check associativity, by a four-step calculation shown in Figure
5. Writing R = R4 4 and id4 = I, by definition we have m°®(m°? ® I) =
mRmI)(R®I).
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FIGURE 5. Associativity of the opposite algebra

Step 1. By quasitriangularity the latter equals
m(I@m)(RI(IQR)R®I).
Step 2: By associativity this equals
mm@I)(RRII(IQR)(RI).
Step 3. By the Yang-Baxter equation this equals
mm®I)(I®R)(R®I)I®R).
Step 4: By quasitriangularity this equals
mR(I @ m)(I ® R),

which equals m°P(I ® m°P), as desired. Checking that : is a unit map for moP
is straightforward:
mPu@I)=mUIQN)Rx 4=raRi 4=14,
and
mPI@1)=m@QIRy x=14Ry4x=r4. O

The r-algebra AP is called the opposite algebra of A. If the braiding R4, 4
is the twist map this reduces to the opposite algebra as usually defined. Another
basic construction is the “braided tensor product” of algebras.

Lemma 2. Let A and B be algebras in 77 with products m4, mg and unit
maps 14, 1g, respectively. Endowed with the multiplication map

M= (my®mp)(id,®Rp, 4 @idp)

and the unit map 1 = 14®1g, A®B isan algebrain 7" . (Here we are identifying
14 Qig: k®k - A® B witha map from k to A® B.)
Proof. First we check associativity, as shown in Figure 6.

Step 1: Starting with

M(id4e8 ®M) = (m4® mp)(id4 ®Rp 4 ®idp)
(idsyop ®m4 ® mp)(idygpe4 ®Rp, 4 ® idp),
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FIGURE 6. Associativity of the braided tensor product

and using quasitriangularity, we obtain
(my®mp)(idy@m, Qidg ®mp)(id 42 ®Rp, 4 ®1dps2)(1d4 ®Rp, 4 Rp, 4 ®idp).
Step 2: Using associativity twice, we obtain
(mq®@mp)(m,®idy ®mp®idp)(id o2 ®Rp, 4 ®1dpe2)(id4 ®Rp, 4@ Rp, 4®idp).
Step 3: Using quasitriangularity again, this equals

(my®mp)(idg®Rp, 4 ®idp)(my ® mp ® id4ep)(id4 ®Rp, 4 ® idpg4eB)

or M(M ® idA®B) .
To show that 1 is a unit map for M we note that

M(1®id ) = (my @ mp)(14 ® (id4 ®13)Ry 4 ®1idp) = Lygs,
and similarly M(idygp ®1) =rsgp. O

Given two algebras 4, B € 77, we call the algebra 4 ® B constructed in
Lemma 2 the braided tensor product of A and B. We write this algebra as
AQB to emphasize that it need not be isomorphic to the usual tensor prod-
uct of the algebras 4 and B. The braided tensor product generalizes the
well-known Z,-graded tensor product of Z,-graded algebras. Braided tensor
products are already visible in a number of other contexts as well. For exam-
ple, noncommutative tori are braided tensor products of algebras of Laurent
polynomials. (Geometrically speaking, one could say that a noncommutative
torus is a braided product of circles.) Also, the algebra of differential forms on
a quantum vector space with Hecke-type relations is the braided tensor product
of an “ r-symmetric” and an “ r-exterior” algebra [2].

One surprise is that the braided tensor product of r-commutative algebras
in 77 need not be r-commutative, although this is always true when 77 is
symmetric. More precisely:

Lemma 3. Let A and B be r-commutative algebras in 7" and suppose
Rp 4R, p=1dygp. Then AQB is r-commutative.

Proof. The proof is shown in Figure 7. Let M denote the multiplication map
for A®B . Then we need to show that M = MR,gp 495 - By repeated use of
the hexagon axioms we have

R4gB, 498 = (id4®R,4 p ®idg)(R4, 4 ® Rp p)(id4 ®Rp 4 ®idp).
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X \X /

FIGURE 7. R-commutativity of the braided tensor prod-
uct of r-commutative algebras

Using the fact that Rp 4R, p = ides , it follows that
MR,gp 498 = (m4® mp)(Ry 4® Rp p)(idg®Rp 4 ®idp).
Using the r-commutativity of 4 and B, it follows that
MR,gp, 498 = (M4 ® mp)(id4®Rp, 4 ®idg) =M. O

Given an algebra 4 in 77, we define a left A-modulein 7 to be an object E
of 7 together with a left action, a morphism o € Homy (A® E, E) satisfying
a(idg®a) =a(m®idg) and a(i®idg)=Ig.

Given two left A-modules (E, @) and (F, f) in 77, we define a left A-
module morphism in 7 to be a morphism f € Homy (E, F) such that fo =
B(id4®f). Right A-modules and right 4-module morphismsin 7~ are defined
analogously.

Let A¢ denote the braided tensor product A®A°P .

Lemma 4. Let A be an algebrain 77 . Then A is aleft A°-module in 7~ with
the left action A € Homg (A°® A, A) given by A=m(id4@mR, 4).

Proof. Let R denote R, 4 and let M denote the multiplication map of A4¢:
M=(m® mR)(idy ®R ® id,4).

We need to show that A(id4 ® 1) = A(M ® id4) . The proof of this is shown
in Figure 8. We begin by considering

A(id4 ® ) = m(id4 ® mR)(id 4 ® m(id4 ® mR))
=m(id4®m)(id4 ® R(id4 ® m))(id 4¢3 ® mR).
Step 1: By quasitriangularity this equals

m(id,® m)(id4 ®(m ® id4)(idy ®R)(R ® id4))(id yes ® MR)
= m(id, ® m)(id4 ® m ® id 1) (id 4o ®R(id 4 ® m))(id4 ®R ® R).

Step 2: By quasitriangularity this equals
m(id4® m)(id4® m ® id 4)(id 482 ®(m ® id 4)(id4 ®R)(R ® id4))(id4 ®R @ R).
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FIGURE 8. A is a left 4°-module

Step 3: By the Yang-Baxter equation this equals
m(id,®@m)(idy® m ® id4)(id 462 ® MR @ id4)
(id4e3 ®R)(id 402 ®R ® id 4)(id 4 ®R R id 4e2).
Step 4: Using associativity three times, this equals
m(idy®@m)(m ® id4 ® m)(id 4¢: ®R ® id4)(id 423 ®R)
(id4e: ®R ® id4)(id4 ®R ® id 4e2).
Step 5: By quasitriangularity this equals
m(id4® m)(m ® R)(id 402 ® m ® id4)(id 422 ®R ® id4)(id4 ®R ® id 4»2)
=m(idg®mR)(m® mR ®id4)(id4 ®R ® id 4e2).
The latter expression equals A(M ® id,4), as was to be shown.
To complete the proof that A is a left action it suffices to note that 1®:: k —
A® A is the unit map for 4¢, and
AMi®i®idy) =m(id4®@mR)(1®1Q1id,)
=m(® m(idy ®I)Rk,A)
=m@I®rqRy 4)=mi®l) =14 O
Unfortunately, there is no right action of 4 on 4 analogous to the left
action unless we introduce a further condition. Let us say that an r-algebra

A in 77 is weakly r-commutative if the multiplication map m: A A — A
satisfies m = mR% . Note that this is the case if 4 is either r-commutative

or strong, i.e., Ry , =idse4.
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Lemma 5. Let A be a weakly r-commutative algebra in 7”. Then A is a right
A¢-module in 77 with the right action p € Homy (A ® A¢, A) given by

p= mRA,A(m ® ldA)

Proof. Writing R for R, 4 and M for the multiplication map of A4¢, we
need to show that p(p ® idg) = p(idq®m). We begin by using weak r-
commutativity to write

p(p®idye) = mR™ ' (m@id )(mR™(m ® idy) ® id 4e2).
By a sequence of six steps shown in Figure 9, this equals
mR™'(ids®@m ® mR™")(id 4e: ®R ® id4).

These steps use: (1) associativity, (2) quasitriangularity, (3) quasitriangularity,
(4) associativity (twice), (5) the Yang-Baxter equation, and (6) quasitriangular-
ity. By weak r-commutativity the result is equal to

mR(id4y®m ® mR)(id 02 ®R ®id,),
or m(idy®m).

The proof that the unit map 1 ® i: k — A° satisfies p(id4 @1 ®1) =ry is
similar to the calculation at the end of the proof of Lemma 4. 0O

/ Q/// /|
(

: ) |

FIGURE 9. A is a right A°-module if A is weakly r-
commutative
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3. BRAIDED HOCHSCHILD HOMOLOGY

In this section we generalize the usual construction of Hochschild homology
to an arbitrary braided tensor category. Let k be a commutative ring, let 27
be a fixed braided tensor category of k-modules, and let 4 be an algebra in
7" . We begin by constructing a flat resolution of A as a left 4¢-module, under
the assumption that A is flat as a k-module.

For n > 1, let a € Homy (A4° ® A®", A®") be given by

(@®b)® (@18 ®an) = (M®iden-» ®M)(idg @Ry, 40)(a®D B2 ®- - B an).

Theorem 1. Suppose 77 a braided tensor category of k-modules, and A an
algebra in A. The map « is a left action of A¢ on A®". If A is flat over k,
A®" is a flat left A¢-module for n > 2. Defining d, € Homgy (4®", A®(-1))
for n>2 by

n—1

dy(a; ® - ® ay) =Z(—l)i+1a| Q@ ®aAiAI41 Q@ ay,

i=1

then
,,_,A®313>A®2$A_)0

is a long exact sequence of left A¢-module morphisms in 7.
Proof. First, define K, for n > —1 by

A @ A®" n>
K,,={A", n=
A, n

We give K, the structure of a left 4°-module in 7 as follows. Define f €
Homgy (4° ® K,,, K,;) by

L=< M, n=0,
A, n=-1,

where M is a multiplication map for A4¢, and 1 is the left action of 4¢ on
A. Then B is a left action of 4° on K, by Lemmas 1, 2, and 4. Note that
if A is a flat k-module, K, is a flat 4¢-module for n > 0. Next, define
T € Homy (K, , A®"+2) for n > —1 by

idA®RA,A®n, n>1,
T={

{M@idA@n, nZl,

id 4e , n=20,
idA, n=-1.

(1)

A calculation shows that a = TB(id4 ®T~!). It follows that o is a left action
of A¢ on A®", and that if A4 is flat then 4®" is a flat left 4¢-module for
n>2.

Exactness of the sequence

'~'—+A®353*A®2113A—>0

is well-known [3], so the only thing left to show is that the maps 4, are mor-
phisms of A4°-modules. It suffices to show that each map

UG U~ A ® - ©aA4 ® - O ay
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for i=1,...,n—1,is a morphism of 4°-modulesin 7". For 1 <i<n-1,
this follows directly from quasitriangularity, while for i=1 and i =n-1 one
must also use associativity. O

Given an algebra 4 in 77 we define the acyclic braided Hochschild complex
K(A) to be the chain complex of left 4¢-modules (K,(A4), b’) (n > 0), where

K, (A) = A° ® A®",

taking 4®0 =k, and
b;; = Tdn+2T_1 5

with T: A®("+2) — K, given by equation (1). Note that this complex really
depends only on the structure of 4 as an r-algebra, not on the braided tensor
category in which A is an algebra.

Corollary 1. The chain complex of left A¢-modules (A®\"+?), d,.,) (where n >
0) is isomorphic to K(A) by T: A®"+2) — K, (A).

Proof. This follows from the proof of Theorem 1. O

Corollary 2. Let A be an algebrain 7, and let l:? be a right A¢-module in 7.
Then there is a natural isomorphism between Tor? (E, A) and H,(E® 4+ K(A)).

Proof. This follows from Theorem 1 using homological algebra [3]. O

Now suppose that A4 is weakly r-commutative. Then 4 has the structure
of a right A°-module in 7 by Lemma 5. Note that in this case the chain
complex of Corollary 1 computing Tor,’,’e(A , A) depends only on the structure
of A as an r-algebra. We call this complex the braided Hochschild complex of
A, C(A) = (Cy(A4), b,), where

Cn(A) = A® 4 Kn(A)

and b, = id4 ® b}, . We call the homology of this complex the braided Hochschild
homology of A, which we denote as HR(A).

Next we define a shuffle product on the braided Hochschild complex when A4
is a strong r-commutative algebra. Together with the differential of C(A4), this
will make C(A4) into a differential graded algebra (with differential of degree
—1). Let 5;, 1 <i < n, denote the standard generators of the braid group B,,
which satisfy the relations

$iS; =88, |I—=J =2, S$iSit18i = Si+18iSis1-

Let n: B, — S, denote the canonical surjection onto the symmetric group,
which maps s, to the elementary transposition ag,. Given S € B, , we write
simply sign(f) for sign(n(f)). The notion of “shuffles” generalizes from the
symmetric group to the braid group as follows. Suppose that p+q = n. Begin-
ning with p red strands to the left of g blue strands, a braid in which at every
crossing a red strand crosses over and to the right of a blue strand is called a
(p, q)-shuffle. More algebraically, we define f € B, to be a (p, q)-shuffle if it
is of the form

(Stiy + -+ 5281) (S24iy -+ - 8352) + + (Spyi, =+ Sp+15p)

where -1 < i; < n—-j—1,ij <ij, and for i; = —1 we interpret the
(empty) product s, ---S;415; as 1 € B,. We denote the set of (p, g)-shuffles




HOCHSCHILD HOMOLOGY IN A BRAIDED TENSOR CATEGORY 899

by sh(p, q). The canonical map from B, to the symmetric group S, defines a
one-to-one correspondence between sh(p, q) and the elements of S, that are
normally referred to as (p, g)-shuffles.

Now let V' be an object in 7. There is a unique representation of B, on
Ve" such that

5i(V1® - ®Up) =01 ® @ R(V; ®Vi11) ® "+ ® VUp.
Let TV = @, yer  We define the shuffle product [-; -] on TV as follows:

Lemma 6. If V is an object in 7, there is a graded associative product on TV
given by

V@ ®Uy;w - Bwl= > sign(B)Bvi® - @VUQW @ w).
BEsh(p,q)

Proof. First note that given p, g, r with p + g + r = n, there are inclusions

of By, B;, and B, in B,, given by s; — $;, 8 = Siyp, and §; — Sizpiq,

respectively. Similarly, there are inclusions of By, and By, in B, given by

si— §; and s; — sy, . Identifying by these inclusions, one can show using the

braid group relations that

sh(p+4q,r)sh(p, q) =sh(p, q+r)sh(q, r).

Associativity of product given above then follows as for the standard shuffle
product.

Lemma 7. Suppose that V is an object in 7" with R} , = idygy. Let
m: TV TV — TV be given by m(x®y) =[x;y]. Thenif x € V® and
yeved,

m(x®y)=(-1)""mRyer yed(x ®y).
Proof. Since R? , is the identity, the representation of B, on V®" factors
through a representation of S, and the proof follows the usual proof of graded
commutativity of the shuffle product [28]. O

Identifying K(A4) with 4°®T A, where TA is given the shuffle product,
K(A) inherits the structure of an algebra in 77. Note that K(A) is a graded
algebra.

Theorem 2. Let A be a strong r-commutative algebra over a commutative ring
k, let K = K(A) be the acyclic braided Hochschild complex of A, and let m
denote the multiplication map for K. Then K is a differential graded algebra
with differential b' of degree —1, and for all x € K, and y € K,,

(2) m(x®y) = (-1""mRg, k,(x ®y).
Proof. The algebra A° is r-commutative by Lemma 3. Equation (2) then fol-
lows from Lemma 7 and the method of proof of Lemma 3.

We will show that for all x € K, and y € K,

(3) b'(xy) = b'(x)y + (=1 xb'(y).

Note that if this is known for given values of p, g, then

b’mRKq,Kp(x ®y)=m(b' ®id+(-1)Pid ®b’)RKq,Kp(x ®y)
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for all x € K; and y € K, . By equation (2) and quasitriangularity, it follows
that
b'(xy) =b'(x)y + (=1)7xb'(y).

Thus in what follows we assume p < q.

By Theorem 1 and Corollary 1, &’ is A¢-linear. Using this together with
quasitriangularity, it follows that equation (3) for given x, y implies

b'((ex)(fy)) = b'(ex)(fy) + (=1)F (ex)b'(fy)

for all e, f € A°. Thus it suffices to prove equation (3) for x, y € K of the
form

x=(1®1)®a1®:---®ap,
Y=(101)ap11 @ ®apyq.
We prove this by induction on n = p + ¢, following Seibt’s argument in the
standard case [28].

The cases n = 0, 1 are trivial. For n = 2, the only nontrivial case occurs
for p=q =1, where

xy=101®(a®a; - R(a; ® a3)),
hence by r-commutativity
b’(xy) =aq11Q®a+1 ®R;}A(a| @) —Rye. 4(1®a;9a) — 1 ®a; ® a,.
On the other hand,
bVx)y=a191®a,-1®a;, ®a,
and
—xb'(y) = —-Ryer 4(1®a;®a) + 1@ Ry 4(a1 ® a3),

so using the fact that A is strong, equation (3) holds in this case.

Now assuming the inductive hypothesis for n — 1 > 2, we will prove it for
n . First, though, let s: K; — K;,, be given by

s(a.1®a® - ®a) =(19R; [(a_1®a)®a; @ ®a).

An easy calculation (not using the fact that A4 is strong or r-commutative)
shows that s is a contracting homotopy for K, i.e.,

4) sb' +b's = idg .
Next, note that the left 4°-module structure of K and the natural homomor-
phism 4 — A° make K into a left 4-module, and that the product in K

satisfies a(uv) = (au)v forall ae 4 and u,v e K.
Now let

¥X=(1)®a,® --®a, € K,_y,
J7=(1®1)®ap+2®--~®a,,€Kq_,.

We prove the induction hypothesis, equation (3), using the following identities,
which we verify below:

(5) xy =s(axXy + (1)’ x(ap1¥)),
(6) b'(x)y = a)Xy — s(aib'(X)y + (=1)Pb'(x)ap+17),
(7) xb'(y) = xap1¥ + s(arXb'(y) — (-1’ xa,410'(y)).
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Using equations (4) and (5),
b'(xy) = aiXy + (—1)Pap1 XY — sb' (a1 Xy + (=1 xa,417).

Using the fact that b’ is a left 4-module morphism, together with the induction
hypothesis, we have

b'(xy) = aiXy + (1) xap1y — s(ad'(X)y) + (-1)’s(a1Xb'(y))
= (=1)7s(0'(x)ap+17) — 5(xap11' ().

Equation (3) now follows from equations (6) and (7).
To prove equation (5), note that

s@xy)=(lehe Y sign(f)a®pf@e  a)

BeEsh(p—1,q)
and
S(xapi7) = (181)® 3 sign(B)(ids ®B)(R4or, 4®idg0-)(@1® +-®a).
BeEsh(p,q—1)
Let i: B,_ — B, denote the inclusion given by
i(Sk) = Sk41-
Define the one-to-one map j: B,_; — B, (not a homomorphism) by
J(B) = Bsi---$p.
We have
s@xy)=(1el)e Y  sign(B)i(f)a® - ®a),
Besh(p-1,9)
s(xapy)=(101)® > sign(B)j(B)@1®: - ®ap).
Besh(p,q-1)

Note that i(sh(p—1, q)) and j(sh(p, g—1)) are contained in sh(p, q). More-
over, i(sh(p — 1, q)) and j(sh(p, g — 1)) are disjoint, since if s = n(B) € S,
is the permutation corresponding to f € i(sh(p — 1, g)) then s(1) = 1, while
if s =na(B) for B € j(sh(p,q— 1)) then s(p+1) =1. Since sh(p, q) has
(p+4q)!/p'q! elements, a counting argument shows that sa(p, q) is the disjoint
union of i(sh(p — 1, q)) and j(sh(p, g — 1). Using the fact that

sign(i(B)) = sign(B), sign(j(B)) = (—1) sign(B),
it follows that
S(@Xy + (-1Pxapny)= (10 1) Y sign(f)f(a1®--- ®an) =xy
BEsh(p,q)

as desired.
To conclude, we prove (6), omitting the proof of (7) as it is analogous. Note
first that

1

b/(x)—alfz (—l)i®l®al®"'®aiai+l®"'®ap
i=1
+ (=1’ ® Ryewp-n, 4(a1 ® -+ ® ap).

<
|
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(Here and below powers of —1 are taken as elements of 4.) Thus

(8)
b'(x)y — aiXy
p—1
= Z sign(ﬂ){Z(—l)’@1®,B(a1®~-®a,~a,~+l®-~®a,,)+(—1)”
Besh(p—1,q) i=1

® (1d4 ®B)(Ry00-1, 4 ®1dyed)(@1 ® -+ ® a,,)} .

Define i: B,_, — B,_; to be the homomorphism given by i(s;) = sk , and
define j: B,—» — By—1 by j(B) = i(B)s1---Sp—1. Since sh(p — 1, q) is the
disjoint union of i(sh(p—2, q)) and j(sh(p—1, g—1)) we may write the right
side of (8) as the sum of two terms,

X = Z sign(ﬂ){—l@l®a1a2®ﬂ(a3®--~®an)
BEsh(p-2,q)
p—1
+3(-1)®10a @ (@@ ®aiai ® - ® ay)
i=2

+ (—1)? @ (id 42 ®B)(RA®(;I—I)’A ®idyed) (@1 ® -+ ® a,.)}

and

Y= Z sign(f) {l ® (id4e2 ®B) (R 42r 4 ® 1d 4006-1)
Besh(p—1,9—1)
p—1
(Ryo0-1, 4 ®id ed)(a1 ® - @ an) + Z(—l)"“’ ®1

i=1
® (id4 ®ﬂ)(RA®p’A ®id ee-n)(@ Q@ - ®aia;11 Q-+ ® a,,)} .

It now suffices to check that the first term equals s(a;b’(X)y), while the second
equals s(b'(x)ap+1y). O

Noting that the braided Hochschild complex C(4) = 4 Q4 K(A) is the
quotient of 4 ® K(A4) by an ideal, when the latter is regarded as the braided
tensor product A®K(A), we obtain a product on C(4).

Corollary 3. Let A be a strong r-commutative algebra over a commutative ring
k, let C = C(A) be the braided Hochschild complex of A, and let m denote
the multiplication map for C. Then C is a differential graded algebra with
differential b of degree —1, and for all x € C, and y € C,,

m(x®y)=(-1""mRc, c,(x ®y).
Proof. This follows from Theorem 2. O
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4. HOCHSCHILD HOMOLOGY AND DIFFERENTIAL FORMS

Let A be a strong r-commutative r-algebra with r-structure R. By the
results of the previous section the braided Hochschild homology HR(A) is a
graded algebra with product induced by the shuffle product on the chain complex
C(A). In this section we recall the definition of the r-commutative differential
forms Qg(A4) and construct a natural homomorphism from them to HE(A4).

First, let Q,(A) be the universal differential calculus over A [4, 14]. This
is a differential graded algebra with Q%(4) = 4 such that for any differential
graded algebra Q and any homomorphism f: 4 — QO there exists a unique
differential graded algebra morphism f for which the following diagram com-
mutes:

Q) — -
| [
4 L, qo

Let m denote the multiplication map for Q,(4). We define the differential
graded algebra of r-commutative differential forms over A, Qg(A), to be the
quotient of Q,(A4) by the differential ideal generated by d!/ together with the
range of the map

m(id ®d — (d ® id)R): A® A — QL(A).

These have been treated before when k is a field [1], and most of their prop-
erties carry over to the present situation. In particular, if m now denotes the
multiplication map for Qg(A4), we have

adb=m(d®id4)R(a®b),

hence
dadb=-m(d®d)R(a®b)
for all a, b € A, generalizing the usual identities which hold for differential

forms:
adb = (db)a, dadb= —dbda.

Theorem 3. Let A be a strong r-commutative r-algebra. Then there is a unique
graded algebra hommomorphism f: Qr(A) — HR(A),

fla)=1la]l,  f(da)=[1®al
Here [a] denotes the class in HR(A) of a regarded as an element of Co(A) =
A, and [1 ® a] denotes the class in HR(A) of a regarded as an element of
Ci(A4) = A®2,
Proof. First, note that C,(A4) = A® 4 A°® A®" is isomorphic to A®("+1) under
the map
ax (bec)®x— pa®(bxc))®x,

where a,b,c € 4 and x € A®". (An inverse is given by the map a ® x —
a®(1®1)®x.) In what follows we will identify C,(4) with 4%+ under
this isomorphism. Note in particular that the boundary of a® b®c € C,(4) is

ab®c—-a®bc+ac' Qb;,




904 J. C. BAEZ

where for any b, c € 4 we write R(b®c) =Y, ¢’ ® b;, and suppress explicit
mention of the summation by the Einstein summation convention.

Next, note that Qr(4) may be defined as the graded algebra over 4 = Q%(A)
generated by elements da for a € A subject to the relations:

d(aa+b)=ada+db, d(ab)=adb+ (db)a, d1=0,
adb=m(d®id )R(a®b), dadb=-m(d®d)Raeb),
for a,b € A, o € k. (The first two relations serve to define Q,(4), and
the last three define Qg(A) as a quotient of the universal differential calculus.)

Thus f: Qr(4) — HR(A) is clearly unique if it exists, and existence reduces
to showing that

(9) [1®(ea+b)]=a[l®a]l+[l®b],
(10) [l ® ab] = [a][l ® b] + [1 ® a][b],
(11) [1®1]=0,

(12) [alll ® b] = [1 ® b'][ai],

(13) [1®a][l ®b] = —-[1®b][1 ®a].

Equation (9) is trivial. For equation (10), note that
al®b)+(1®a)b-1@ab=a@b+b ®a;—1®ab

in C;(A) is the boundary of 1 ® a® b € C5(4). Similarly, the boundary of
I1®1®1 € Cy(A4) is 1®1, proving equation (11). Equation (12) holds because
(1®b')a;=a®b=a(l®b) in C;(4). Equation (13) also holds at the level
of chains:

(1®a)(1®b)=1a®b-10b'®a,=-(10b)(1®a;). O
In fact, the homomorphism f: Qg(A) — HR(A) is an isomorphism in de-

grees 0 and 1. Given an r-algebra let [4, A]r denote the r-commutator, the
span in A4 of elements of the form m(id4g4 —R)(a® b).

Corollary 4. Let A be an r-algebra. Then HR(A) = A/[A, Alr. If A is strong
and r-commutative then f is an isomorphism from Q%(A4) = A to HR(A), and
from QL(A) to HR(A).

Proof. ldentifying C,(A4) with 4®(**1) as in the proof of Theorem 3, the cy-
cles in Cy(A4) are identified with A4, while the boundaries are identified with
[4, A]r. Thus when A is strong and r-commutative, f: Q%(4) — HR(A) is
an isomorphism.

Also, when A is strong and r-commutative, we may define g: C;(4) —
QL(A) by g(a®b) = adb . Since boundaries in C;(A) are spanned by elements
of the form ab ® ¢ — a ® bc + ac’ ® b;, which are annihilated by g, g serves
to define an inverse to f. O

It would be interesting to find smoothness conditions on A that would im-
ply that f is an isomorphism in all degrees, thus generalizing the work of
Hochschild, Kostant and Rosenberg [11].

5. CONCLUSIONS

One could proceed to develop the theory of braided Hochschild and (in the
strong case) cyclic homology for r-algebras, but clearly it is more urgent to
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calculate it in certain cases and develop an understanding of its significance.
The lack of “stability” under deformations of ordinary Hochschild homology is
well-known. For noncommutative tori this was observed by Connes [4] (and see
also [26]), while for quantum groups this was shown by Feng and Tsygan [8].
In both these cases the algebras in question are r-commutative, so it would be
interesting to see if working with braided Hochschild homology would increase
stability. We know HZX(A) for i = 0, 1 for a variety of algebras including
noncommutative tori and the Weyl algebra, by Corollary 4 and the results of
[1], and in these cases stability is indeed enhanced.

Some of our constructions could be placed more firmly in a categorical frame-
work by assuming that the category 7° admits direct sums, kernels and coker-
nels, and so on. Various extensions of the notion of a braided category appear
in the literature, such as “rigid quasitensor categories” and “braided compact
closed categories”, so adopting such an approach would largely be a matter of
choosing among the available definitions.
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